In [2] , B.Y. Chen proved that the Lagrangian H-umbilical submanifolds in complex Euclidean space C n are Lagrangian pseudo-spheres and complex extensors of the unit hypersphere of E n , except the flat ones. Similar to this, we can define the Lagrangian H-umbilical submanifold in quaternion space forms. The main purpose of this paper is to classify the Lagrangian H-umbilical submanifolds in quaternion Euclidean space H n .
Introduction
It has been known that there is no totally umbilical Lagrangian submanifolds in complex-space-forms except the totally geodesic ones. It was natural to look for the simplest Lagrangian submanifold next to the totally geodesic ones in complex-space-form. To do so, B.Y. Chen introduced the notion of the Lagrangian H-umbilical submanifold [3] and also, in [2] , he obtained the classification theorems for Lagrangian H-umbilical submanifolds in complex Euclidean space C n . Similar to the above case, it also has been known that there exist no totally umbilical Lagrangian submanifold in quaternion-space-form M n (4c) except the totally geodesic ones. In order to find the next simplest case in quaternion-space-form M n (4c), we also introduce the notion of Lagrangian H-umbilical submanifold. By a Lagrangian H-umbilical submanifold M n in a quaternion manifold M n we mean a non-totally geodesic Lagrangian submanifold whose second fundamental form is given by h(e 1 , e 1 ) = λ 1 Ie 1 + λ 2 Je 1 + λ 3 Ke 1 , h(e 2 , e 2 ) = .... = h(e n , e n ) = µ 1 Ie 1 + µ 2 Je 1 + µ 3 Ke 1 , h(e 1 , e j ) = µ 1 Ie j + µ 2 Je j + µ 3 Ke j , j = 2, ..., n h(e j , e k ) = 0, j = k, j, k = 2, ..., n
for some functions λ 1 , λ 2 , λ 3 , µ 1 , µ 2 and µ 3 with respect to an orthonormal local frame fields. According to the above condition, the mean curvature vector H is given by H = H 1 + H 2 + H 3 , where H 1 = γ 1 Ie 1 ,H 2 = γ 2 Je 1 , H 3 = γ 3 Ke 1 , and
for any tangent vectors X, Y , where
Clearly, a non-minimal Lagrangian H-umbilical submanifold has the shape operator A H at H with two eigenvalues λ and µ, where λ = n i=1 λ i γ i and µ = n i=1 µ i γ i with respect to some orthonormal frame fields. On the other hand, it also satisfies < h(X, Y ), φ i Z >=< h(Z, Y ), φ i X >, where φ i is one of the element in {I, J, K} and X, Y, Z are tangent vectors to M n . Using this property, we can say that Lagrangian H-umbilical submanifolds are the simplest Lagrangian submanifolds next to totally geodesic submanifolds in quaternion Euclidean space. The main purpose of this paper is to classify the Lagrangian H-umbilical submanifolds in quaternion Euclidean space.
Preliminaries [6]
Let M n be a 4n-dimensional Riemannian manifold with metric g. M n is called a quaternion manifold if there exists a 3-dimensional vector space V of tensors of type (1,1) with local basis of almost Hermitian structure I, J and K such that (a)IJ = −JI = K, JK = −KJ = I, KI = −IK = J, I 2 = J 2 = K 2 = −1, (b) for any local cross-section ϕ of V , ∇ X ϕ is also a cross section of V , when X is an arbitrary vector field on M n and ∇ the Riemannian connection on M n .
Condition (b) is equivalent to the following condition: (b ′ ) there exist local 1-forms p, q and r such that
Let X be a unit vector on M n . Then X, IX, JX, and KX form an orthonormal frame on M n . We denote by Q(X) the 4-plane spanned by them. For any two orthonormal vectors X, Y on M n , if Q(X) and Q(Y ) are orthogonal, the plane π(X, Y ) spanned by X, Y is called a totally real plane. Any 2-plane in a Q(X) is called a quaternion plane. The sectional curvature of a quaternion plane π is called the quaternion sectional curvature of π. A quaternion manifold is a quaternion-space-form if its quaternion sectional curvatures are equal to a constant 4c. We denote such a 4n-dimensional quaternion-spaceform by M n (4c).
It is well known that a quaternion manifold M n is a quaternion-space-form if and only if its curvature tensor R is of the following form:
Let M be an n-dimensional Riemannian manifold and x : M → M n (4c) be an isometric immersion of M into a quaternion-space-form M n (4c). We call M a Lagrangian submanifold or a totally real submanifolds of M n (4c) if each 2-plane of M is mapped by x into a totally real plane in M n (4c).
For any orthonormal vectors X, Y in Y , π(X, Y ) is totally real in M n (4c), Q(X) and Q(Y ) are orthogonal and g(X, ϕY ) = g(φX, Y ) = 0 for ϕ, φ = I, J or K. By (2) we have
If we denote the Levi-Civita connections of M and M n (4c) by ∇ and∇, respectively, the formulas of Gauss and Weingarten are respectively given bỹ 
where X, Y, Z, W are tangent vector fields and η and ζ are normal vector fields to M.
Finally, we recall a definition of warped product [1] . Let N 1 , N 2 be two Riemannian manifolds with Riemannian metrics g 1 , g 2 , respectively and f a positive function on N 1 . Then the metric g = g 1 + f 2 g 2 is called a warped product metric on N 1 × N 2 . The manifold N 1 × N 2 with the warped product metric g = g 1 + f 2 g 2 is called a warped product manifold. The function f is called the warping function of the warped product manifold.
Quaternion extensors
In this section we are going to investigate the geometry of quaternion extensors. First of all, we have the following definition.
Let G : M n−1 → E m be an isometric immersion of a Riemannian (n-1)-manifold into Euclidean m-space E m and F : I → H a unit speed curve in the quaternion plane. Consider the following extension φ given by
where φ = F ⊗ G is the tensor product immersion of F and G defined by
We call such an extension φ = F ⊗ G a quaternion extensor of G via F. An immersion f : N → E m is called spherical (respectively, unit spherical) if N is immersed into a hypersphere (respectively, unit hypersphere) of E m centered at the origin. The quaternion extensor φ : Proof. The statements (1) and (2) come from straightforward computations. By a direct computation, the quaternion extensor is totally real if and only if, for any s ∈ I, p ∈ M n−1 and Y ∈ T p M n−1 , we have
whereF ′ denotes the quaternionic conjugate of F ′ and Real(ϕF (s)F ′ (s)) the real part of ϕF (s)F ′ (s) for ϕ = i, j or k. Therefore, we have either
By solving this system, we can find that F (s) = ca(s) for a constant c ∈ H.
A submanifold M n−1 of E m is said to be of essential codimension one if locally M n−1 is contained in an affine n-subspace of E m . Proof. Since φ is totally geodesic, φ ss , Y Zφ, Y φ s are tangent vector fields for Y, Z vector fields tangent to the second component of I ×M n−1 . By using the fact F ′′ (s) ⊗ ξ is normal to I × M n−1 in H m (via φ) for any unit normal vector field ξ of M n−1 in E m , we get the following two equations.
for any vector fields Y, Z tangent to M n−1 and for any s ∈ I and point p ∈ M n−1 , where h G is the second fundamental form of G : M n−1 → E m . We can divide our case as follows:
This case follows from the case(i) in proposition 2.2 in [2] so that we can deduce statement (1). Case(2) F ′′ = 0 By (3), we get < ξ, G(p) >= 0 for any normal vector field ξ to M n−1 in E m and any point p ∈ M n−1 . Since φ is totally geodesic, Y Zφ is a tangent vector field for Y, Z tangent to M n−1 in E m which yields
Suppose G is non totally geodesic. Then (5) gives < F ′ , F >= 0 and thus ||F || 2 is a constant. Also, we get < F ′′ , F >= 0 because of (4). Combining these conditions for F implies F ′ = 0 which is impossible. Therefore, G must be totoally geodesic. Since φ is totally geodesic, φ ss is tangent to I × M n−1 in H m so that there exists a tangent vector Y to M n−1 and two real-valued functions α, β such that
If F ′′ (s) − α(s)F ′ (s) = 0 for each s ∈ I, then we have F ′′ = 0 which is the contradiction to our case. Thus, G(p) is tangent to a vector Y which implies that n = 2. Furthermore, G is a line in E m since G is totally geodesic. The converse can be proved easily. Proof. By a direct computation, we can easily see that φ = F ⊗ ı is a Lagrangian H-umbilical submanifold satisfying h(e 1 , e 1 ) = λ I Ie 1 + λ J Je 1 + λ K Ke 1 , h(e 1 , e j ) = µ I Ie j + µ J Je j + µ K Ke j , for j = 2, ..., n h(e j , e j ) = µ I Ie 1 + µ J Je 1 + µ K Ke 1 , for j = 2, ..., n h(e j , e k ) = 0, for j = k = 2, ..., n,
) > for ϕ = I, J or K and {e 1 , e 2 , ..., e n } is an orthonormal local frame field. Without difficulty, we can get that φ is totally geodesic if F (s) = (s + a)c for some real number a and some unit quaternion number c.
Main theorem
The main result of this section is to classify Lagrangian H-umbilical submanifolds of quaternion Euclidean space. To do this, we need to review the Lagrangian pseudo-sphere in C n ( [2] ). For a real number b > 0, let F : R → C be the unit speed curve given by
With respect to the induced metric, the complex extensor φ = F ⊗ ı of the unit hypersphere of E n via F is a Lagrangian isometric immersion of an open portion of an n-sphere S n (b 2 ) of sectional curvature b 2 into C n . It is called a Lagrangian pseudo-sphere. It has been shown that it is a Lagrangian H-umbilical submanifold in C n satisfying the following second fundamental form:
h(e 1 , e 1 ) = 2bJe 1 , h(e i , e i ) = bJe 1 , i ≥ 2 (6) h(e 1 , e j ) = bJe j , h(e j , e k ) = 0, for j = k = 2, ..., n, for some nontrivial function b with respect to some suitable orthonormal local frame field. Up to rigid motions in C n , it is unique. Proof. Let n ≥ 3 and L : M → H n be a Lagrangian H-umbilical isometric immersion whose second fundamental form is given by h(e 1 , e 1 ) = λ 1 Ie 1 + λ 2 Je 1 + λ 3 Ke 1 , (7) h(e 1 , e j ) = µ 1 Ie j + µ 2 Je j + µ 3 Ke j , for j = 2, ..., n h(e j , e j ) = µ 1 Ie 1 + µ 2 Je 1 + µ 3 Ke 1 , for j = 2, ..., n h(e j , e k ) = 0, for j = k = 2, ..., n, for some functions λ i , µ i (i=1,2,3) with respect to some suitable orthonormal local frame fields {e 1 , e 2 , ..., e n } with the dual 1-forms ω 1 , ..., ω n . Let (ω B A ), A, B = 1, ..., n be the connection form on M definded by ω j i (e k ) =< ∇ e k e i , e j > for i, j, k = 1, ..., n. By (7) and Codazzi equation, we have
Here, (10) and (12) hold only for n ≥ 3.
We can divide our case as follows. (A) If M is of constant sectional curvature, then (7) implies that
From now on, we assume that there exists at least one µ i which is not identically zero. Furthermore, the equations in (10) provide the following two cases: (a) λ i = 2µ i for i = 1, 2, 3 This condition and the equations in (8) and (9) imply that µ 1 , µ 2 and µ 3 are constants. Moreover, by Gauss equation, M is a real-space form of constant sectional curvature µ and rescaling, we can say that M satisfies the second fundamental form given in (11). Moreover, we also can check that the first normal space is parallel with respect to the normal connection so that by applying the result of Erbacher [5] , M can be immersed into complex Euclidean space C n which implies that M is a Lagrangian pseudo-sphere in C n .
(b) There exists one i such that λ i = 2µ i , and also we have
By (10), we know that ω j 1 (e k ) = 0 for k = j = 2, ..., n. By (8) and (12), we get
spanned by e 1 and D ⊥ be the distribution spanned by {e 2 , e 3 , ..., e n }. Since ω j 1 (e k ) = 0 for k = j = 2, ..., n, the distribution D ⊥ is integrable. Also, the distribution D is intergrable since it is 1-dimensional. Therefore there exists local coordinates {x 1 , x 2 , ..., x n } such that e 1 = . Now, by applying a result of Hiepko [8] , M is isometric to a warped product I × ω(s) S n−1 , where S n−1 is the unit (n − 1) sphere and ω(s) is a warping function. Using the spherical coordinates {u 2 , ..., u n } on the unit sphere, we can choose the metric g = ds 2 + ω 2 (s){du Proof. The proof is similar to theorem 4.1 with some modifications.
Remark The explicit description of flat Lagrangian H-umbilical submanifolds in a quaternion Euclidean space will be discussed in [7] .
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